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Abstract: We investigate the radiative break-up of a highly energetic quark or gluon in
a high-temperature QCD plasma. Within an inertial range of momenta T  ω  E,
where E denotes the energy of the original hard parton (jet) and T the temperature of
of the medium, we find that, as a result of the turbulent nature of the underlying parton
cascade, the quark to gluon ratio of the soft fragments tends to a universal constant value
that is independent of the initial conditions. We discuss implications of this result to jet
quenching physics and the problem of thermalization of the quark-gluon plasma in heavy
ion collisions.
Keywords: Perturbative QCD, Jet physics, Jet quenching, Thermalization
ar
X
iv
:1
80
7.
06
18
1v
1 
 [h
ep
-p
h]
  1
7 J
ul 
20
18
Contents
1 Introduction 1
2 Medium-induced quark-gluon cascade and wave turbulence 2
2.1 Coupled evolution equations for in-medium jet fragmentation 3
2.2 Single emission spectra & Breakdown of small τ expansion 5
2.3 Stationary Kolmogorov solution & turbulent energy/particle flux 7
3 Quenching of Quark & Gluon jets 11
3.1 Energy loss of quark and gluon jets 14
3.2 Chemistry of jet fragments 17
4 Conclusions & Outlook 17
A Stationary solutions for forced cascades 19
1 Introduction
In the early 80’s, Bjorken suggested that the suppression of jets would signal the formation
of a Quark-Gluon Plasma (QGP) in hadronic collisions [1]. Two decades later, the RHIC
experiment successfully observed jet quenching on high-pT hadron spectra [2, 3], initiating
a program that was carried over at the LHC [4–7], using reconstructed jets to investigate
the deconfined matter created in these collisions by studying medium modifications of jet
observables in nucleus-nucleus collisions as compared to proton-proton collisions.
Understanding how a jet evolves as a multi-partonic system is crucial to quantitatively
probe the QGP. However, although jet evolution in the vacuum is well established theoreti-
cally [8, 9], the theory of jet energy loss in the presence of a dense medium remains an active
field of study (see [10, 11] for recent reviews). Because of its multi-scale nature, spanning a
wide range of scales from ∼ 1 GeV to ∼ 1 TeV, jet quenching physics is also instrumental
in understanding dissipation of energy in a colored medium and hence, non-equilibrium
QCD dynamics underlying the formation of the QGP in hadronic collisions. In effect, the
relatively hard particles, produced in such collisions, experience multiple interactions in
the aftermath of the collision causing their radiative break-up into softer fragments, which
eventually thermalize to form an equilibrated QGP [12, 13].
Previous theoretical studies, in both problems of jet evolution and thermalization in
heavy ion collision, focused mostly on the pure gluonic dynamics, neglecting quark degrees
of freedom for simplicity. This is further motivated by the fact that the leading order
QCD splitting function is dominated by gluons in the soft sector where multiple parton
– 1 –
branchings are expect to be relevant. However, it was recently pointed out that the medium-
induced cascade is characterized by democratic branchings [14, 15], therefore, one should
expect quarks to play a significant role in the energy transport from highly energetic partons
in the jets to the medium temperature scale. The purpose of this work is to investigate
this question and understand how quarks and gluons couple through the medium-induced
cascade.
Our discussion is organized as follows: We introduce the coupled evolution equations
for in-medium jet fragmentation in Sec. 2, and discuss the properties of analytic solutions
at early times and in the stationary turbulent regime. We present numerical results for the
in-medium fragmentation functions of quark and gluon jets in Sec. 3 and further discuss the
chemical composition of fragments and the energy loss of the jet. We conclude in Sec. 4,
with a brief summary of our findings, along with a discussion of possible phenomenological
consequences of our work and implications for the study of quark production during the
pre-equilibrium stage of high-energy collisions. Details on stationary turbulent solutions
for forced cascades are provided in A.
2 Medium-induced quark-gluon cascade and wave turbulence
A QCD jet that emerges from a hard collision evolves from a highly energetic parton
to a more complex object via multiple collinear branchings. Such a parton cascade is
characterized by a strong decrease of the virtuality of the intermediate partonic states,
which due to the collinear nature of the process are highly collimated. In vacuum this
evolution is described by DGLAP type evolution equations [16] and proceeds down to
non-perturbative scales where confining forces take over.
However, in the presence of a hot QCD medium another cascading process is triggered
by the interaction of the jet with the colored constituents of the medium. Multiple inter-
actions with the medium can induce the emission of Bremsstrahlung radiation, which is
characterized by a coherence length tcoh that corresponds to the time it takes for the emit-
ted quanta to form via a diffusion process in transverse momentum space (with respect to
the direction of the jet propagation). Based on the uncertainty principle, a gluon emitted
with frequency ω and transverse momentum k⊥ forms at t ∼ ω/k2⊥. During this time it
accumulated k2⊥ ∼ qˆ t transverse momentum square, where qˆ ≡ d〈k2⊥〉/dt ∼ m2D/`mfp, the
so-called jet-quenching parameter, is the relevant diffusion coefficient, with `mfp ∼ (g2T )−1
and m2D ∼ g2T 2, the in-medium mean-free-path and the Debye screening mass in a thermal
plasma, respectively. Solving the latter equations self-consistently one finds, tcoh =
√
ω/qˆ
for the coherence time.
For short formation times tcoh  L, the medium-induced radiation spectrum scales
parametrically as [17–20],
ω
dI
dω
∣∣∣∣
Medium
∼ αsCR L
tcoh(ω)
∼
√
ωs
ω
, (2.1)
where L denotes the length of the medium, ωs = α
2
s qˆL
2, the characteristic scale for multiple
branchings and CR is the corresponding color factor, i.e. CR = CF = (N
2
c − 1)/2Nc and
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CR = CA = Nc for radiation off a quark and a gluon, respectively. Since the medium-
induced gluon accumulates a finite transverse momentum kcoh ∼ (ωqˆ)1/4 over the course
of the emission process, the collinear (mass) singularity is regulated for medium induced
radiation. However, in contrast to vacuum radiation which is always tied with the hard
collision vertex, the emission rates for medium induced radiation are enhanced by the
length of the medium Ltcoh(ω) as emissions can occur anywhere throughout the medium with
equal probability (for a homogeneous medium). In this case, the traversed path-length L
naturally plays the role of an ordering variable and multiple emissions with tcoh  L can
be “resummed” via an effective kinetic description.
We emphasize that, unlike the DGLAP splitting kernels [16], that are scale invariant
(up to logarithmic factors) the in-medium emission rate Eq. (2.1) decreases as a function of
the parton energy as 1/
√
ω. This is an essential feature of the above elementary process that
will qualitatively impact the properties of the in-medium parton cascade. The characteristic
decrease of the spectrum as a function of the parton energy, follows directly from the
increasing formation time and can be understood as a consequence of the QCD analog
of the Landau-Pomerantchuk-Migdal (LPM) effect [17–21]: During the radiation process
the system interacts with many scattering centers that act coherently as a single one.
Hence, the effective number of scatterers decreases at larger ω up to the the characteristic
frequency ωc ≡ qˆL2 where tcoh ∼ L. Conversely, for ω > ωc where tcoh > L, medium
induced radiation is strongly suppressed as the jet cannot “resolve” the medium from the
hard vertex.
We also note that due to the absence of a collinear singularity, soft gluons, that are
copiously produced via medium-induced radiation, tend to be radiated at large angles
θcoh ∼ (qˆ/ω3)1/4. This effect is further enhanced by the cascading process, as a result,
the medium-induced cascade develops at larger angles compared to vacuum like radiation
[23–25].
2.1 Coupled evolution equations for in-medium jet fragmentation
We will, from now on, focus exclusively on medium induced radiation, and consider a
highly energetic and on-shell parton, of energy E  T , propagating through a hot QCD
medium with temperature T . Its interaction with the medium constituents, as alluded to
above, causes the initial parton to successively branch into an arbitrary number of partons
transporting its energy from high to low frequencies. In the infinite medium limit this
branching process is Markovian, that is, the probability for a single parton to branch into
N partons reduces toN−1 independent and quasi-instantaneous elementary 1→ 2 splitting
processes. Generalizing Eq. (2.1) beyond the soft limit, the corresponding splitting rate
takes the generic form
dΓ
dz
≡ dP
dzdt
=
K(z)
tbr(ω)
, with tbr(ω) ≡ 1
α¯
√
ω
ˆ¯q
, (2.2)
where ω < E is the energy of the parton, inside the cascade, that splits into two daughters
carrying the fractions z and 1− z of its energy and α¯ ≡ αs/pi. Note that for future conve-
nience, we have stripped qˆ from its color factor by introducing the reduced jet-quenching
– 3 –
parameter ˆ¯q ≡ qˆ/CR, and absorbed all color factors into the splitting kernel K(z) (cf.
Eq. (2.9)).
Eq. (2.2) is valid in the LPM regime, that is, when `mfp  tcoh(ω) L. The lower limit
of the coherence length, tcoh(ω) ∼ `mfp, corresponds to the single scattering regime and is
known as the Bethe-Heitler regime that is characterized by the frequency ωBH ≡ qˆ `2mfp ∼ T .
At this scale, ω ∼ T , inverse parton merging processes, as well as elastic processes also
become important [29, 38] and will be responsible for equilibrating the influx of energy
and particles from the hard sector [12, 13, 37]. However, so long as the energies of the
particles inside the cascade are much larger than the temperature of the plasma (ω  T )
these contributions are power suppressed and will therefore be neglected in our analysis.
The observable that we shall investigate in order to characterize the medium-induced
cascade is the inclusive in-medium parton distribution (or fragmentation function),
Di(x, τ) ≡ xdNi
dx
, (2.3)
where x = ω/E denotes the energy fraction carried by a parton of frequency ω w.r.t to
the initial energy E of the original parton/jet. Here, i = g, q or q¯ labels the species of the
measured parton and we have introduced the dimensionless time variable
τ ≡ t
tbr(E)
= α¯
√
ˆ¯q
E
t, (2.4)
which fully accounts for the jet energy (E) dependence of the radiative break-up process.
For the quark (anti-quark) components we shall adopt the standard flavor singlet (S)
and non-singlet (NS) decomposition:
DS ≡
Nf∑
i=1
(Dqi +Dq¯i) and D
(i)
NS ≡ Dqi −Dq¯i , (2.5)
where Nf is the number of active massless quark flavors, which together with Dg obey the
following set of coupled evolution equations:
∂
∂τ
Dg (x, τ) =
∫ 1
0
dzKgg(z)
[√
z
x
Dg
(x
z
)
− z√
x
Dg(x)
]
−
∫ 1
0
dz Kqg(z)
z√
x
Dg (x)
+
∫ 1
0
dzKgq(z)
√
z
x
DS
(x
z
)
,
(2.6)
∂
∂τ
DS (x, τ) =
∫ 1
0
dzKqq(z)
[√
z
x
DS
(x
z
)
− 1√
x
DS(x)
]
+
∫ 1
0
dzKqg(z)
√
z
x
Dg
(x
z
)
(2.7)
and
∂
∂τ
D
(i)
NS (x, τ) =
∫ 1
0
dzKqq(z)
[√
z
x
D
(i)
NS
(x
z
)
− 1√
x
D
(i)
NS(x)
]
(2.8)
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where to leading logarithmic accuracy (in log(E/T )) the various splitting kernels are given
by [26, 38]
Kgg(z) = 1
2
2CA
[1− z(1− z)]2
z(1− z)
√
(1− z)CA + z2CA
z(1− z) , (2.9)
Kqg(z) = 1
2
2NfTF
(
z2 + (1− z)2
) √CF − z(1− z)CA
z(1− z) , (2.10)
Kgq(z) = 1
2
CF
1 + (1− z)2
z
√
(1− z)CA + z2CF
z(1− z) , (2.11)
Kqq(z) = 1
2
CF
1 + z2
(1− z)
√
zCA + (1− z)2CF
z(1− z) . (2.12)
The collision integrals in the r.h.s of the above set of equations comprise (positive)
gain and (negative) loss terms that correspond, respectively, to the production of a parton
x from the splitting of a parent parton with energy fraction x/z, and the decay of a parton
x into softer fragments zx and (1− z)x. This construction ensures the conservation of the
total jet energy i.e.,
(τ) =
∫ 1
0
dx (Dg(x, τ) +DS(x, τ)) = 1. (2.13)
in the absence of a finite flux at the x → 0 boundary. However, as we shall see shortly, a
non-vanishing flux of energy builds up immediately due the fact that the rate of successive
branchings (2.2) increases along the cascade transporting energy from hard x ∼ 1 scales
down to arbitrarily soft scales x→ 0. Indeed it has been shown analytically [14] that for a
simplified version of the kinetic equations – considering only gluons along with a simplified
form of the splitting Kernel – the energy decreases as (τ) = e−piτ2 during the radiative
break-up cascade. Physically, energy flows without accumulating down to the soft scale
x ∼ T/E  1 where it is dissipated in the thermal medium [12].
2.2 Single emission spectra & Breakdown of small τ expansion
Before we analyze the full dynamics of the radiative break-up process, it is instructive to
investigate the above equations perturbatively, that is, to compute the O(τ) correction to
the initial condition
Dg(x, τ = 0) = δ(1− x), DS(x, τ = 0) = DNS(x) = 0, (2.14)
that describes a single gluon that initially carries all of the jet energy. Since the non-singlet
distribution does not receive contributions from the other channels it vanishes identically
to all orders, i.e., DNS(x) = 0. By inserting, Eq. (2.14) into Eqs. (2.6) - (2.8), we readily
obtain
Dg(x, τ) ' δ(1− x) +
[
xKgg(x)−
∫ 1
0
dzz (Kgg(z) +Kqg(z)) δ(1− x)
]
τ
DS(x, τ) ' xKqg(x) τ , (2.15)
– 5 –
such that at low momentum, one finds
Dg(x, τ) ' C
3/2
A τ√
x
, and DS(x, τ) ' 1
2
2Nf TR C
1/2
F τ
√
x. (2.16)
Similarly, one obtains the perturbative solution for the the distributions of partons inside
a quark jet,
DNS(x, τ) = DS(x, τ) =' δ(1− x) +
[
xKqq(x)−
∫ 1
0
dzzKqq(z) δ(1− x)
]
τ
Dg(x, τ) ' xKgq(x) τ . (2.17)
where we have used the following initial condition
Dg(x, τ = 0) = 0, DS(x, τ = 0) = DNS(x) = δ(1− x), (2.18)
that describes a single quark that initially carries all of the jet energy. Energy conservation
as in Eq. (2.13) is satisfied at this order for both quark and gluons jets – however as we
will discuss later in Sec. 3 a finite energy flux is generated already at the next order O(τ2).
Even though the perturbative solutions in Eqs. (2.15) and (2.17) are formally accurate
to O(τ), their range of validity is also limited in x space. Considering for instance the gluon
component in Eq. (2.15), the O(τ) correction to the distribution diverges as Dg(x, τ) ∼
(1−x)−3/2, indicating that a non-perturbative treatment is required in the x ' 1 region. Of
course, this is not surprising as analytic solutions of simplified models show the existence
of an essential singularity when x→ 1 [14].
Similarly, in the small x ' 0 region, higher order corrections quickly become important
due the fact that the rate for subsequent splittings, initiated by fragments with x < 1 are
enhanced by a factor of 1/
√
x relative to the splitting rate off the original hard parton
(x = 1). We can further quantify this behavior, by analyzing the probability Psplit for
a quark/gluon with momentum fraction x to undergo further splitting. Considering the
g → qq¯ splitting we can simply compute
Psplitqg =
τ√
x
∫ 1
0
dz Kqg(z)
Nf=3' 3.54 τ√
x
(2.19)
which for any τ > 0 becomes of order one for sufficiently small values x . τ2. Similar
conclusions can be reached for additional gluon emissions of a quark/gluon, although in
this case there is subtlety pertaining to the soft divergence of the integral of the kernel
when z → 1 or z → 0. In order see that, it proves insightful to distinguish between quasi-
democratic (z ∼ 1/2) and very asymmetric splittings (z  1 or 1 − z  1). Separating
for example the g → gg process into splittings where min(z, 1− z) > zmin, such that both
fragments have momentum fraction larger than zmin
Psplitgg
(
z > zmin
)
=
τ√
x
∫ 1−zmin
zmin
dz Kgg(z) (2.20)
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one finds that the probability for quasi-democratic splittings (zmin ∼ 1/2), exhibits the
same parametric dependence as in Eq. (2.19), i.e.
Psplitgg
(
z > zmin
)∣∣∣
zmin∼1/2
' Kgg(1/2)(1− 2zmin) τ√
x
, (2.21)
with Kgg(1/2) = 9
√
3C
3/2
A /4. Despite the fact that the splitting probability for very soft
splittings (zmin  1) is divergent
Psplitgg
(
z > zmin
)∣∣∣
zmin1
' 4C
3/2
A√
zmin
τ√
x
, (2.22)
the effects of such very soft splittings on the distribution are small, as the energy of the
emitting particle is not changed appreciably, which manifest itself in a cancellation of the
soft divergence between the gain and loss terms. A more careful analysis reveals that the
contributions to the evolution equations of the fragmentation function from the limit of
zmin  1, can be cast in the form of a diffusion equation
∂
∂τ
Dg (x, τ)
∣∣∣∣
zmin1
=
∫ 1
1−zmin
dz Kgg(z)
[√
z
x
Dg
(x
z
)
− z√
x
Dg(x)
]
−
∫ zmin
0
dz Kgg(z) z√
x
Dg(x)
=
C
3/2
A√
x
√
zmin
[
2x
∂
∂x
Dg(x)−Dg(x)
]
+O
(
zmin
)3/2
, (2.23)
where the 1/
√
zmin divergence has cancelled out between the gain and loss terms as antic-
ipated. Instead the effective rate for soft radiations scales as, ∼√zmin/x, as one can read
off the first term in the r.h.s. of the above equation. Because of its
√
zmin  1 scaling,
the latter rate is small compared to the democratic branching rate ∝ (1− 2zmin) ∼ 1, (cf.
Eq. (2.21)), demonstrating that asymmetric branchings are sub-dominant. Note that this
conclusion is closely tied to the power of the divergence of the splitting kernel that turns
out to be mild enough not to affect the qualitative features of the cascade that will be
discussed in the next section. On the other hand, for a kernel that diverges like 1/z2 or
faster, the first term in the r.h.s. of Eq. (2.23) would be constant or divergent, respectively.
In this case, strongly asymmetric branchings would constitute the dominant processes.
Most importantly, one observes that all of the above splitting rates scale parametrically
as ∝ 1/√x as a function of the momentum fraction x of the emitter. Based on our analysis,
one therefore concludes that there is a dynamically generated scale xbr ∼ τ2, below which
the single emission approximation breaks down. Hence, for x < xbr the fragmentation
function is dominated by multiple successive emissions which can lead to dramatic changes
in the spectra.
2.3 Stationary Kolmogorov solution & turbulent energy/particle flux
Below the scale xbr, the energy transfer from the hard (x ∼ 1) partons inside the jet to the
soft thermal medium (x ∼ T/E) proceeds via multiple quasi-democractic branchings. Due
to the characteristic energy dependence of the elementary branching process, the splitting
rates for x . xbr become large, i.e. Γsplitτ & 1, and one may therefore expect that the
– 7 –
distribution of partons in the infrared approach a fixed point solution in order to prevent an
unphysical rapid change of the distribution. Even though a stationary fixed point solution
can not be achieved due to the varying influx of energy from the hard sector (x  xbr),
such variations occur on time scales which are large compared to the local interaction rates
and one may therefore still expect the local approach to a fixed point solution in the small
x region. Having this in mind, we shall investigate, as an intermediate step, the fixed
points of the evolution equations Eqs. (2.6) - (2.8) in order to gain further analytic insight
into the structure of solution for x . xbr.
Guided by the analytic treatment of purely gluonic models [14, 15], it is natural to
search for stationary non-equilibrium solutions of the form
Dg(x) =
G√
x
, DS =
Q√
x
. (2.24)
which, as we will discuss shortly, correspond to the Kolmogorov-Zakharov (KZ) spectra
associated with an (inverse) energy cascade. By inserting the above ansatz in Eqs. (2.6) -
(2.8) and requiring that
∂τDg(x) = ∂τDS(x) = 0, (2.25)
we find that the chemistry of fragments is uniquely determined by the balance of the g → qq¯
and q → qg processes, which gives rise to an algebraic constraint
Q
G
=
∫ 1
0 dz z Kqg(z)∫ 1
0 dz z Kgq(z)
≈ 0.07 × 2Nf
Nf=3≈ 0.42 . (2.26)
We emphasize that the existence of these Kolmogorov type solutions does not depend
on the detailed properties of the splitting Kernel. However, it does rely on the fact that
the branching rates scale depend parametrically as 1/
√
x on the momentum fraction of the
emitter. In order to ensure an exact cancellation of gain and loss terms in the stationarity
conditions in Eqs. (2.25), we assumed that the x range of the power spectra (2.24) extends
all the way to infinity. Even though this renders these formal solution unphysical, as it
requires an infinite amount of energy, i.e.,
∫∞
0 dxDg(x) + DS(x) = ∞, the KZ spectra
(2.24) can still be relevant, as it is the case in many examples of weak-wave turbulence
[32]. Specifically, we will now demonstrate that the KZ solution in Eq. (2.24) is associated
with a scale invariant energy flux ˙ 6= 0, from the large x to the small x region. Even
though energy can in principle be transferred directly from highly energetic large x to less
energetic small x partons via highly asymmetric splittings, it turns out that the interactions
on the KZ spectrum are effectively local in energy, that is, they are not sensitive to the
scales where energy is injected or removed. Consequently, the KZ solution can be realized
approximately within an inertial range of momentum fractions x, e.g. in a driven/forced
cascade where energy is steadily injected into the system or in freely decaying turbulence
as it is the case in the present work.
In order to establish these features, we follow the standard analysis in the context
of wave turbulence [32]. We limit the support of the distribution to the physical interval
– 8 –
x ∈ (0, 1] and consider the flux of energy below a scale x0
˙(x0) =
∫ 1
x0
dx [∂τDg(x) + ∂τDS(x)] . (2.27)
Separating the contributions into quark and gluon initiated processes, one finds that for
the gluon initiated processes g → gg and g → qq¯ the energy flux is given by [12, 14, 15]
˙g(x0) = +
∫ 1
x0
dx
∫ 1
x
dz
(
Kgg(z) +Kqg(z)
)√ z
x
Dg
(x
z
)
−
∫ 1
x0
dx
∫ 1
0
dz
(
Kgg(z) +Kqg(z)
) z√
x
Dg (x) , (2.28)
where the first term corresponds to the production of a quark/anti-quark or gluon with
momentum fraction x resulting from the splitting of a parent gluon with momentum frac-
tion x/z, whilst the second term, which is negative, corresponds to the loss of a gluon x
by splitting into softer fragments.
Upon changing the order of integrations and performing a change of variables to x→
x/z to combine the gain and loss terms, one can express the integral as
˙g(x0) = −
∫ 1
x0
dz z
(
Kgg(z) +Kqg(z)
)∫ x0/z
x0
dx
Dsg(x)√
x
+
∫ x0
0
dz z
(
Kgg(z) +Kqg(z)
)∫ 1
x0
dx
Dg(x)√
x
. (2.29)
Using the explicit form of the Kolmogorov spectrum, the integrals can be evaluated, and
it follows that for sufficiently small values of x0  1 (i.e. within the inertial range) the
energy flux is scale independent ˙g(x0  1) ' −γg G with
γg =
∫ 1
0
dzz
(
Kgg(z) +Kqg(z)
)
log
(
1
z
)
≈ 25.78 + 0.177Nf . (2.30)
Similarly for quark initiated process q → gq, the energy flux is given by
˙q(x0) = +
∫ 1
x0
dx
∫ 1
x
dz
(
Kqq(z) +Kgq(z)
)√ z
x
DS
(x
z
)
−
∫ 1
x0
dx
∫ 1
0
dzKqq(z) 1√
x
DS(x) (2.31)
which, following similar steps, and using the symmetries of the kernel Kqq(z) = Kgq(1−z),
to re-express∫ 1
0
dz Kqq(z) =
∫ 1
0
dz
(
zKqq(z) + (1− z)Kqq(z)
)
=
∫ 1
0
dz z
(
Kqq(z) +Kgq(z)
)
(2.32)
can be evaluated in the same fashion. In the limit x0  1, one again obtains a scale
independent flux ˙q(x0  1) ' −γqQ with the flux constant given by
γq =
∫ 1
0
dz z
(
Kqq(z) +Kgq(z)
)
log
(
1
z
)
≈ 11.595 (2.33)
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Collecting everything the KZ spectra in Eq. (2.24) are associated with a scale invariant
energy flux
˙ ' −γgG− γqQ ' −(25.78 + 0.177Nf )G− 11.59Q , (2.34)
characterizing the energy transfer from larger to smaller momentum fractions. By taking
into account the quark/gluon suppression factor Q/G ≈ 0.14Nf in the stationary turbulent
regime (c.f. Eq. (2.26)), we find that for Nf = 3 the contributions to energy flux from gluon
and quark initiated processes are
˙
Nf=3' −(25.8︸︷︷︸
g→gg
+ 0.5︸︷︷︸
g→qq¯
+ 4.9︸︷︷︸
q→gq
)G (2.35)
One therefore concludes, that the energy transfer in Eq. (2.34) is dominated by the g → gg
process, while the q → gq and g → qq¯ processes contribute 16% and respectively 0.6% to
the overall result.
Since in contrast to the quark + antiquark distribution DS, the evolution of the non-
singlet (valence) distribution D
(i)
NS does not couple to the g → qq¯ process, the stationary
turbulent solution exhibits a different power spectrum
D
(i)
NS(x) = V
(i)√x , (2.36)
which can be associated with a particle cascade. Similar to the previous discussion, one
can determine the particle flux of the non-singlet valence component
n˙(i)(x0) =
∫ 1
x0
dx
x
∂τD
(i)
NS(x) (2.37)
as
n˙(i)(x0) =
∫ 1
x0
dx
x
∫ 1
x
dzKqq(z)
√
z
x
D
(i)
NS
(x
z
)
−
∫ 1
x0
dx
x
∫ 1
0
dzKqq(z) 1√
x
D
(i)
NS(x)
= −
∫ 1
x0
dzKqq(z)
∫ x0/z
x0
dx
D
(i)
NS(x)
x3/2
+
∫ x0
0
dzKqq(z)
∫ 1
x0
dx
D
(i)
NS(x)
x3/2
(2.38)
such that for x0  1 the particle flux becomes scale independent and explicitly given by
n˙(i)(x0  1) ' −V (i) γNS , γNS =
∫ 1
0
dzKqq(z) log
(
1
z
)
≈ 6.82 , (2.39)
characterizing the transport of the valence flavor from larger to smaller momentum frac-
tions.
One important feature of our energy/particle flux analysis is that the existence of the
“boundary” at x = 1 does not affect the scale independence of the flux for x0  1. In
the study of weak-wave turbulence, this feature is known as “locality of interactions” and
plays an important role in determining the relevance of the Kolmogorov scaling solution
for real world problems. Since locality of interactions guarantees that the physics near
the boundary x ' 1 does not have a direct impact on the dynamics at scales x  1, we
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can expect that regardless of the dynamics of hard (x ' 1) modes, the system will form a
turbulent cascade within an inertial range of momenta at small x. Strikingly, this feature
has been demonstrated explicitly in analytical solutions of purely gluonic models [14], where
for instance for a simplified splitting kernel, the exact solution of the initial value problem
takes the form
Dsimple(x, τ) =
τ√
x(1− x)3/2 exp
(
− piτ
2
1− x
)
, for Ksimple(z) = 1
z3/2(1− z)3/2 ,
(2.40)
featuring the same turbulent 1/
√
x dependence at small-x, however with a time dependent
amplitude τ exp
(−piτ2) characterizing the decay of the jet. We will discuss shortly how
including quarks and gluons in the problem of jet energy loss in a thermal medium, the
locality of interactions leads to the emergence of a “decaying turbulence” with the same
universal quark/gluon ratio at small x predicted from the analysis of the stationary case.
Besides the real-world example of jet energy loss, we also provide a brief discussion of the
properties of stationary turbulent solutions for driven/forced cascades in App. A.
3 Quenching of Quark & Gluon jets
We will now discuss the quenching dynamics of quark and gluon jets based on numeri-
cal solutions of the kinetic equations (2.6,2.7,2.8). We will focus on the evolution of the
in-medium fragmentation functions D(x, τ), and distinguish between gluon and quark frag-
ments inside the jet.
Our results for the radiative break up of a gluon jet are compactly summarized in Fig. 1.
Different panels show the distributions
√
xDg/S(x) of gluon (top) and quark (bottom)
fragments, at various early (left panels) and late times (right panels) of the evolution.
Starting at early times τ ∼ 10−3, one observes how the soft fragments with x  1 are
radiated from the original hard parton. Clearly, at intermediate values of x the radiative
spectrum initially follows the perturbative shape (c.f. Eqn (2.15)) indicated by the black
dashed lines and characterized by an approximate scaling Dg(x) ∝ x−1/2 for gluons and
DS(x) ∝ x−3/2 for quarks. However, at small x clear deviations from the perturbative
spectrum emerge already at such early times, as is visible most prominently for the quark
distribution. Since the probability Psplit ∼ τ/
√
x to undergo subsequent splittings, becomes
of order one at a critical value xbr ∼ τ2, the distributions in this small x regime are
dominated by multiple branchings, such that for example processes where a soft quark
emits another gluon or a soft quark/anti-quark pair is produced from a soft gluon play an
important role in determining the spectrum.
By following the evolution to later times, one observes that the characteristic scale xbr
where multiple emissions become important increases towards larger x values. Quark and
gluon distributions at small x start to show an approximate 1/
√
x power law dependence,
which is fully developed up to x ∼ 0.1 by the time τ ∼ 0.1. Since the emergence of the
turbulent ∼ 1/√x spectrum can be associated with an energy flux from the large x ∼ 1 to
the small x region, significant changes in the large x part of the spectrum also start to take
– 11 –
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Figure 1. Evolution of the quark/gluon fragmentation functions
√
xDg(x) (top) and
√
xDS(x)
(bottom) for gluon jets as a function of energy fraction x. Different curves in the top and bottom
panels show the results for different evolution times τ corresponding to different amounts of energy
loss in the medium. Dashed curves in the left panels show the result for a single g → gg or g → qq¯
branching. See text for further discussion.
place on the same time scale, depleting the original peak around x ∼ 1. Since the energy
flux becomes scale invariant at small x, energy lost by hard fragments is transported all
the way to x ∼ T/E where it is absorbed by the thermal medium. By the time τ ∼ 0.1
the jet as whole has lost ∼ 40% of its initial energy to the thermal medium (c.f. Fig. 3).
Beyond τ ∼ 0.1 the peak at large x begins to disappear as the radiative break-up
processes enters a regime of decaying turbulence. Successively, all large x fragments dis-
appear, while the small x part of the quark and gluon distributions continue to follow the
turbulent ∼ 1/√x behavior throughout the evolution. Interestingly, one finds that at late
times τ & 0.2 quarks begin to dominate the large x part of the distribution. Even though
the jet has already lost ≈ 80% of its energy by this time, and the probability
P>(x) =
∫ 1
x dz Dg(z) +DS(z)∫ 1
0 dz Dg(z) +DS(z)
(3.1)
to find fragments with x > 0.3 is less than 30% in this regime, it is is in fact more likely
that such a large x fragment is a quark/anti-quark rather than a gluon.
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Figure 2. Evolution of the quark/gluon fragmentation functions
√
xDg(x) (top),
√
xDS(x)
(middle) and
√
xDNS(x) (bottom) for quark jets as a function of energy fraction x. Different curves
in each panels show the results for different evolution times τ corresponding to different amounts
of energy loss in the medium. Dashed curves in the left panels show the result for a single q → qg
branching. See text for further discussion.
Similar observations can be made for the evolution of the gluon and (flavor singlet)
quark distributions inside a quark jet, which are presented in the top and middle panels
of Fig. 2. In accordance with our previous discussion, one finds that multiple branchings
quickly establish a turbulent 1/
√
x power spectrum at small x, which persists over the
coarse of the entire evolution. Once the hard fragments undergo a quasi-democratic split-
ting with order one probability (around τ ∼ 0.15), the radiative break-up process enters the
regime of decaying turbulence characterized by an (inverse) energy cascade moving towards
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smaller x. Interestingly, one observes that at very late times τ ∼ 0.5 the fragmentation
spectra of quark and gluon jets shown in Figs. 1 and 2 become rather similar, indicating
an effective memory loss of the initial conditions.
One additional feature of quark jets concerns the evolution of the (flavor non-singlet)
valence distribution
√
xDNS(x) shown in the bottom panels of Fig. 2. Starting from early
times τ . 10−2, the emission of gluon radiation off the valence charge leads to an increase of
the valence distribution for x < 1, and the distribution is well described by the perturbative
solution as indicated by black dashed lines. Even though the perturbative solution fails
to describe the evolution beyond early times, the characteristic x−3/2 spectrum at small x
clearly remains present throughout the entire evolution. However, as shown explicitly in
[15], this apparent agreement with the perturbative power spectrum is purely accidental.
In accordance with our discussion in Sec. 2, the emergence of a x−3/2 power spectrum at
late times should be associated with the scale invariant flux of the valence particle number
to smaller x, such that by τ = 0.3, (0.5) there is about a 30(70)% probability that the
valence charge has been lost to the thermal medium.
3.1 Energy loss of quark and gluon jets
Based on our results for the in-medium fragmentation functions, we will now analyze the
energy loss of quark and gluon jets in more detail. Our results are compactly summarized
in the left panel of Fig. 3, where different curves labeled E and Eg/val/sea show the total
energy of all jet fragments as well as the individual energy fractions
Eg =
∫
dx Dg(x) , Esea =
∫
dx
(
DS(x)−DNS(x)
)
, Eval =
∫
dx DNS(x) ,(3.2)
carried by gluons, sea and valence quark fragments of the jet, normalized to the initial jet
energy E0 as a function of time. We first note that the turbulent cascade creates an energy
flux to arbitrarily small x, such that a finite amount of energy ∆E is lost, irrespective of the
cutoff scale distinguishing between the thermal medium and the soft fragments of the jet.
Concerning the chemical composition, one finds that the energy loss of the original parton
(gluon/quark) is accompanied by an increase of the energy carried by quarks (gluons) inside
a gluon (quark) jet, which reaches a maximum around τ ∼ 0.1 when approximately 15% of
the energy is carried by the opposite species. However, on large time scales, regardless of
the chemical composition of the initial jet, the dominant energy fraction is always carried
by the quark degrees of freedom, as the large x quarks tend to loose their energy more
slowly as compared to the large x gluons. Specifically for quark jets, the large x valence
contribution Eval dominates the energy throughout the entire evolution. However, even
for gluon jets, the (flavor singlet) quark component starts to dominate the energy around
times τ = 0.2. Despite the fact that the jet has already lost about ∼ 80% of its initial
energy by this time, the remaining energy should still be sufficient to detect the jet and
it would be interesting to investigate possible experimental signatures of this “medium
filtering” mechanism.
Besides the total energy, it is also interesting to analyze the differential energy loss
rates dE/dτ shown in the right panel of Fig. 3, where we compare our results for quark
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Figure 3. (left) Evolution of the energy Eg/sea/val carried by gluons (red solid), sea (blue dashed)
and valence quarks (green dashed) and inside a quark/gluon jet. (right) Differential energy loss
dE/dτ for quark and gluon jets.
and gluon jets. Notably at very early times τ . 0.02, the energy loss can be understood
quantitatively based on the following considerations. By emission of soft gluon radiation
from the original hard parton, the jet establishes a G/
√
x gluon spectrum at small x with
a linearly increasing amplitude G ≈ τC1/2A CR at early times (cf. Eq. (2.16)). Since the
additional radiation emitted by these soft (x  1) gluons induces a finite scale invariant
energy flux towards arbitrarily small values of x, the jet as a whole looses energy to the
thermal bath. Combining the (perturbative) estimate of G with the associated energy flux
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˙ ≈ γgG (c.f. Eq. (2.30)) the energy loss rate at early times can be determined as
1
E
dE
dτ
∣∣∣∣
τ1
≈ γg C1/2A CR τ, (3.3)
such that in terms of the original variables dEdt = α¯
2 ˆ¯qC
1/2
A CRγgt which is illustrated by
the (gray) dashed lines in Fig. 3. One observes that the estimate in Eq. (3.3) provides an
accurate description of the energy loss for τ . 0.02. Based on Eq. (3.3) one concludes that
in this regime, the energy loss of quark and gluon jets are related by simple Casimir scaling
dE
dτ
∣∣∣∣Quark jet
τ1
= CF /CA
dE
dτ
∣∣∣∣Gluon jet
τ1
. (3.4)
However, a simple relation of this form fails to describe the energy loss at late times, where
the chemistry of jet fragments is strongly altered. Instead one observes from Fig. 3 that
the time scales for the energy loss of quark and gluon jets are inherently different and
determined by the dynamics of multiple branching processes.
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Figure 4. Quark/Gluon ratio DS(x)/2NfDg(x) of jet fragments as a function of the momentum
fractions x = p/E. Different curves show the results for different evolution times τ of quark (solid
lines) and gluon jets (dashed lines). Over an inertial range of momentum fractions T/E  x 1,
the ratio DS/Dg of quark to gluon fragments is identical for quark and gluon jets and close to the
Kolmogorov ratio (c.f. Eq. (2.26)) shown by a black dashed line.
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3.2 Chemistry of jet fragments
One of the most striking features of the turbulent jet energy loss mechanism is the universal
quark to gluon ratio for soft fragments of the jet derived in Sec. 2. In order to investigate,
to what extent this feature is born out in the radiative break-up of quark and gluon jets, we
present in Fig. 4 the ratio of in-medium fragmentation functions DS(x)/2NfDg(x). Solid
(dashed) lines in Fig. 4 show the results for (quark) gluon jets plotted as a function of
the momentum fraction x at various different times of the evolution. One observes that
over a large range of evolution times – corresponding to different amounts of jet energy
loss – and momentum fractions x the ratio of quarks to gluon fragments is close to the
universal Kolmogorov ratioDS/Dg ≈ 0.07×2Nf , derived in Eq. (2.26) and shown by a black
dashed line. Even at rather early and rather late times, one finds that the ratio DS/Dg
approaches the universal value at very small x . 10−3, where the chemical composition is
determined by the local balance of the g → qq¯ and q → gq processes. However, considering
the importance of additional processes at scales x ∼ T/E, it seems unrealistic that under
typical experimental conditions where Ejet ∼ 100 GeV and T ∼ 300 MeV, a separation
of scales T/E & 103 can be achieved. Nevertheless, our results in Fig. 4 clearly suggest
the existence of a wide enough kinematic range (0.2 & ∆E/E . 0.8, x . 0.1) where
experimental signatures of the modified flavor composition may be explored.
4 Conclusions & Outlook
Based on a coupled set of evolution equations, describing the g → gg,g → qq¯ and q → qg
branching processes of (on-shell) quarks and gluons, we have analyzed the in-medium jet
fragmentation of quark and gluon jets, with an emphasis on the chemical composition of
jet fragments. Our findings can be compactly summarized as follows:
• Energy loss of a highly energetic jet to a thermal medium is realized via a turbulent
cascade, associated with a scale independent energy flux from momentum scales on
the order of the jet energy p ∼ E all the way to the energy scale of the medium p ∼ T
• Since splitting rates of soft (x 1) fragments are enhanced by a factor 1/√x relative
to the splitting rates of the original hard parton, multiple branchings determine the
properties of the in-medium fragmentation function at small x, where the spectrum
reaches a non-equilibrium steady state characterized by a 1/
√
x power law dependence
of the quark and gluon fragmentation functions.
• Since splittings are sufficiently local in momentum space (c.f. Sec. 2), the spectrum
at small x is insensitive to the large x structure of the jet except for the energy
transmitted by the large x fragments. Most strikingly, the chemical composition
of small x jet fragments is entirely determined by the balance of the g → qq¯ and
q → gq splitting processes and given by DS(x)Dg(x) =
∫ 1
0 dz z Kqg(z)∫ 1
0 dz z Kgq(z)
≈ 0.07 × 2Nf to
leading logarithmic accuracy.
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• Energy loss of quark and gluon jets follows Casimir scaling (c.f. Eq. (3.3)) for short
in-medium evolution times, i.e. for jets which lose a sufficiently small amount of
energy. However, for jets which lose an appreciable amount of their energy Casimir
scaling breaks down, as the chemistry of fragments is strongly alterexd. Energy loss
rates are dominated by gluon radiation – contributions of dynamical quarks to jet
energy loss are on the 10− 20% level.
• Energy loss in the medium provides an efficient filtering mechanism: for jets which
exhibit a sufficiently large energy loss the large x part of the in-medium fragmentation
functions is always dominated by quarks. While for quark jets, the valence flavor
dominates at large x, one finds for example that for gluon jets loosing 80% of their
initial energy, approximately 1/4 of the remaining energy is carried by strange quarks.
Some of our findings regarding the chemistry of jet fragments, may have interesting
signatures in high-energy heavy-ion experiments. Considering for example the universal
quark/gluon ratio at small x along with the fact that strange quarks are more likely to
produce strange hadrons, one should expect to observe modifications of the K/pi or Λ/pi
ratio inside jets in heavy-ion collisions, compared to the baseline of jets p + p as well
as the thermal strangeness contribution of the medium. Similarly, one naturally expects
the medium filtering to manifest itself in terms of a strangeness enhancement of large x
fragments in strongly quenched jets. Of course, to provide explicit predictions of these
and other effects, it will be necessary to extend our study in various regards to properly
include e.g. vacuum emissions and hadronization effects. In this context, it could also be
interesting to extend our study to include charm degrees of freedom to study e.g. D meson
production inside jets, at the expense of an additional scale related to the charm quark
mass. This is work in progress and will be reported elsewhere.
Besides offering new insights into the chemistry of jet fragmentation, our study also
provides a first step towards a better understanding of the chemical evolution of the quark
gluon plasma during the pre-equilibrium stage. While the initial state immediately after
the collision of heavy nuclei is expected to be highly gluon dominated, more than 2/3 of the
energy of the equilibrated QGP is carried by quark degrees of freedom. Based on a seminal
paper [12] the processes that eventually lead to the formation of an equilibrated plasma are
believed to be strongly reminiscent of the process of jet-quenching, with the equilibration
time determined by the time it takes for a typical (semi-hard) parton to loose all of its
initial energy. Various recent works [12, 13, 37, 39] have consolidated the estimates of [12]
based on sophisticated numerical simulations, however with the exception of [40, 41] these
studies have focused exclusively on the gluon degrees of freedom. Based on our results,
one can readily conclude that a small fraction of ≈ 0.07Nf quarks per gluon are produced
directly as a result of the radiative break-up process. However, since this ratio is small
compared to the equilibrium value of ≈ 0.75Nf quarks per gluon, it is also clear that
processes, such as e.g. elastic gg → qq¯ conversions, operative at lower momentum scales
will play an important role in the chemical equilibration of the quark gluon plasma.
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A Stationary solutions for forced cascades
Below we provide additional results for the stationary Kolmogorov solutions obtained in
driven cascades. In order to realize this scenario, we simply add the following source terms
to the right hand side of the evolution equations (2.6,2.7,2.8)
Fg(x) = Fg δ(1− x) , FS(x) = FS δ(1− x) , Fg(x) = FNS δ(1− x) , (A.1)
which inject energy and valence particle number at x = 1 at constant rates
˙ = Fg + FS , n˙ = FNS . (A.2)
We then solve the evolution equations for the fragmentation functions in the presence of
the source terms until the system relaxes to the stationary solution. Numerical results for
the stationary solutions are presented in Fig. 5.
Based on our discussion in Sec. 2.3, we expect the stationary spectrum to take the
form
Dg(x) =
G√
x
, DS(x) =
Q√
x
, DNS(x) = V
√
x , (A.3)
within in an inertial range of momentum fractions x  1. Since the energy and particle
injection rates are fixed according to Eq. (A.2), the stationary amplitudes G,Q, V can
be determined directly by matching the energy and particle flux in Eqns. (2.34,2.39) and
(A.2), yielding
G =
˙
γg + γqQ/G
, V =
n˙
γNS
, (A.4)
with the universal Q/G ratio as in Eq. (2.26). Specifically for Nf = 3 light flavors, one
obtains the relations
G ' 0.032(Fg + FS) , Q = 0.013(Fg + FS) , V = 0.146FNS , (A.5)
indicated by horizontal gray lines in Fig. 5. By comparing the the full numerical solution
with the KZ solution in the scaling regime, one concludes that the inertial range of the
energy and particle cascades extends approximately to energy fractions x . 0.02. Above
this scale the influence of the source on the distribution becomes clearly visible.
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